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X-ray Intensity Measurements on Large Crystals by Energy-Dispersive Diffractometry. 
II. Energy Dependences of the Friedel Pair Intensities and Their Ratio near the Absorption Edge 

BY T. FUKAMACHI, S. HOSOYA AND M. OKUNUKI* 

Institute for Solid-State Physics, University of  Tokyo, 22-1 Roppongi 7-chome, Minato-ku, Tokyo, Japan 

(Received 9 July 1975; accepted 3 October 1975) 

It has experimentally and theoretically been confirmed that the intensity ratio rh of Friedel pair reflexions 
h and h is given by IFhl2/IF~l 2 in a perfect crystal as well as in a mosaic crystal both in the symmetrical 
Bragg case and in the symmetrical Laue case. The measurements have been carried out on a nearly 
perfect GaAs crystal plate in the energy range near the As K absorption edge by the use of the energy- 
dispersive diffractometer and continuous radiation. These results have shown, a reasonable agreement 
with the relevant theoretical curves. The limitation of the above relation in tile presence of extinction 
effects has been considered. 

Introduction 

For an ideally mosaic crystal satisfying the kinematical 
theory of diffraction, the integrated reflecting power is 
naturally proportional to IFhl 2, where Fh is a structure 
factor, and the IFhl value can readily be measured on 
the relevant sample. In the other ideal case of a per- 
fect crystal 'without absorption', though it cannot be 
a real entity, there is a definite formula by which the 
value of its IFhl can be obtained from measurements. 
However, it is not possible to separate IFhl from the 
measured integrated reflecting power by the use of the 
dynamical theory with absorption taken into account, 
as is seen from the formula (I.26) [the prefix I denotes 
equations of Part I of this series (Fukamachi, Hosoya 
& Okunuki, 1976)]. 

Based on the dynamical theory of Zachariasen 
(1945), Cole & Stemple (1962) stressed in a more de- 
tailed way that the intensity ratio between Friedel pair 
reflexions is given by the formula 

rh= lFhl2/[F~l 2, (1) 

even for a perfect crystal with absorption - at least in 
the symmetrical Bragg case. Later Holloway (1969) ex- 
perimentally confirmed this Cole-Stemple relation (1) 
for nearly perfect crystals of GaSb and InAs by Cu 
and Cr Ka radiations in the symmetrical Bragg case. 
This measurement was carried out with single-crystal 
angle-dispersive diffractometry. In the present work, 
the relation (1) has been confirmed more extensively 
for GaAs in the energy region near the As K absorp- 
tion edge by energy-dispersive diffractometry. More- 
over, it has been experimentally found that this rela- 
tion also holds in the symmetrical Laue case on a per- 
fect crystal plate, and this has been explained by  the 
use of dynamical theory for a perfect crystal with ab- 
sorption described by Miyake (1969). This situation is 
very favourable for any work for which rh values are 
used (Hosoya, 1975). 

* Permanent address: JEOL Ltd. 

Theoretical considerations 

Intensity ratio in the symmetrical Laue case 
From (1.26) and (I.22), the integrated reflexion 

power Rh for a perfect crystal in the symmetrical Laue 
case is given by 

Rh=(COBCI~Oh, I)/(2 sin 2 0n) I Ph(W, C)dW (2) 

= {(COBCI~Oh.I)/(2 sin 2 0B)} 

x exp {-#(con)H} (1 + Ikl 2 -  21kl sin g) 

x I [sin2 {s(C)H Re [/'L~W)} 

+sinh 2 {s(C)H ImVL----(-(W)}]/IVL-(-W)I2dW, (3) 

where C is the usual expression of polarization, and 
L(W) (and therefore the integral) is independent of 
the polarity of a crystal. Thus the intensity ratio ru be- 
tween Friedel pair reflexions is simply given by 

r h = Rh/R~ 
=(1 +lkl2-21kl sin g)/(1 +lkl2+21kl sin g),  (4) 

which is already given by Cole & Stemple (1962) in 
the Bragg case for the usual angle-dispersive diffrac- 
tometry. With the relation (I.10), the formula (4) is 
expressed as 

r h = [~hl2/l~KI2 = [Fhl2/IF~I 2, (5) 

which is a trivial relation for a mosaic model. This 
relation (5) holds not only for the integrated reflecting 
power but also for the intensity profile at each angle 
or energy value. Namely because of (I.26), 

rh=eh(W , C)/P~(W, C)=IFhI2/IF~I 2, (6) 

as shown in Fig. 1. The function P(W, C) is given by 
(3), where the oscillating term sin 2 {s(C)H Re ~ ) }  
is included. If this rapidly vibrating term is averaged, 
then" 
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Ph(W, C)=(¼) (1 + l k l ' - 2 l k [  sin 6) exp {-p(wn)H} 

x [exp {2s(C)H Re [/L--(-W)} 

+exp {-2s(C)g  Im I/L--~)}]/IVL(W)[ 2 
(7) 

Rh -= °)nO I~0h, I 1 + Ikl 2 - 21kl sin 6 
2 sin2 0n " [ (1-  IklZ)'+41kl z cos 2 6] ~/" 

x I [£'e(W)+{Ae2(W)- 1 }a/z]-zdW, (12) 

holds where the first term in brackets increases with H, 
the thickness of a sample. Therefore, the diffraction 
intensity from a perfect crystal is fairly strong com- 
pared with a mosaic model, even in the region with 
high absorption. This situation can be seen from Fig. 7 
in paper I. It is noted here that the relation (6) also 
holds for Ph(W, C)/P~(W, C). 

When the incident white radiation is not polarized, 
(4) and therefore (5) hold because of (I.23). Moreover, 
when it is partially polarized, the relation (5) or (6) 
still holds. Because the proof is similar, it is shown 
only for (5). Namely: 

[Rh(C~)/R~(C,)] to, a.y q= ~ Rh(C,)/ ~ R~(C,) 
i = 1  i = 1  

= Rht°tal / R-~t°tal = rh , (8) 

where C~ denotes either value of the two corresponding 
to polarization. This relation also holds in the Bragg 
case described later. 

Let us consider the case where the absorption is 
neglected. Because F = 0  and f " = 0 ,  ~0h~=0 in (I.4). 
Therefore, g = 0  and k=0 ,  then the integrated reflect- 
ing power is given by (3) as: 

Rh=(O)BCIrph , [ /2  sin 2 0B) 

x I [sin' {s(C)HI/-1 + W2}/(1 + W')]dW (9) 

o o  

= (oonCIph, I/2 sin 20n)Tz. ~J2,+~{2s(C)H}, (10) 
n = 0  

where J is the Bessel function. Because I~0.,I is-always 
equal to [~0~,l as seen from the definition (I.3), 

rn---Rn/R~--- 1. ( l l )  

In other words; the assumption that absorption or f "  
is negligible leads readily to the validity of Friedel's 
law when only f '  is finite. This is the case with the 
relevant crystal in the energy region far lower than the 
edge. Equation (1 l) also holds for a mosaic crystal 
without absorption in the scheme of the kinematical 
theory, this having no contradiction. If absorption 
exists at all, equation (5) also holds for a perfect 
crystal. 

Intensity ratio in the symmetrical Bragg case for a half- 
infinite crystal 

As referred to in paper I, the case in the title has 
been studied already by Cole & Stemple (1962) and 
Holloway (1969), though less extensively. Therefore, 
only a brief comment is made here. The integrated re- 
flexion power is obtained from (1.22) and (1.24) as 
follows: 
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Fig. 1. Intensity profiles of 333 Friedel pair reflexions from 
GaAs in the Laue case calculated by (1.26). The centre of 
these profiles corresponds to X= o9/~A~=0"997; other par- 
ameters are: g = - 0 . 2 0 2 ,  k=0.171, 6=0.480 (in rad.) 
/t(ogn)H=5.38 and s ( C ) H =  13.3. 
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Fig. 2. Energy dependences of 333 and 33-~J reflexion intensities 
near the As K absorption edge. The calculated values for a 
mosaic crystal are scaled in the region where X> 1-0. The 

i' ' energy resolution of these measurements is + 12 eV. 
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Fig. 3. Energy dependences of intensity ratios between 333 

Friedel pair reflexions from GaAs in the energy region near 
the As K edge in both Bragg and Laue cases. The energy 
resolution is + 12 eV. 
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Fig. 4. Energy dependences of intensities of diffraction 555 
and 35--5 near the As K edge. The measured values were ob- 
tained from a nearly perfect crystal, and the calculated 
values are from an ideally perfect crystal and from a mosaic 
crystal. The energy resolution is + 5 eV. 

where ~q~(W)and therefore the integral in (12)do not 
depend upon the polarity. Thus" 

• . r  

rh= Rh/R~=(1 + tklZ- 21k[ sin 6)/(1 + Ikl z + 21kl sin 6) 

= lFhlZ/IF~l z, (13) 

which is identical with (4) derived in the symmetrical 
Laue case. Moreover, the equation (13) holds not only 
for integrated reflecting power but also for the diffrac- 
tion profile Ph(W)/P~(W), and moreover holds 
whether the polarization is uniform or partial, as was 
mentioned in the Laue case. 

Measurements 

The diffraction intensity has been measured on a 
GaAs single crystal plate in the energy region near 
the As K absorption edge by the method described in 
paper I. 

333 Friedel pair reflexions 
Bragg case 

In the Bragg case, the specimen crystal used is as 
thick as 1 mm with (111) surfaces, and the surface was 
adequately treated. One sample was free from disloca- 
tion as far as observed by the etch-pit technique as was 
described in Part I, and the other had a dislocation 
density of 104 cm -2. However, these two showed a very 
good agreement in intensity change near the edge. 
Therefore, only the results on a dislocation-free speci- 
men are shown in Fig. 2. The scaling of the data has 
been carried out so that the measured values agree with 
the calculated data in the region where the energy is 
higher than the edge. 

Fig. 2 shows that the measured specimen is expressed 
by a perfect-crystal model far better than by an ideally 
mosaic model, which is reasonable from the experi- 
mental facts. The intensity ratios obtained from these 
data are shown in the upper part of Fig. 3, where the 
results for both specimens are shown. The ratios be- 
tween experimental and theoretical values agree. 

Laue case 
In the Laue case, a (110) plate about 30/zm thick 

has been used. The crystal is as perfect as nearly dis- 
location-free. The surface etching could not be carried 
out so well as in the case of(111) surfaces. 

Fig. 7 of paper I shows the measured values of inten- 
sity change which are our concern. It shows that the 
change, including that near the edge, agrees well with 
the calculated curves based on a perfect crystal model. 
From these data, the intensity ratio is obtained as 
shown in Fig. 3 (solid circles). The theoretical curves 
relevant to both ideally mosaic and ideally perfect 
models can explain the measured values rather well. 
However,  the ratio values very near the edge are not 
shown for x=0.998~1"002,  because the intensities 
change too abruptly there, as shown in paper I, and 
give unreliable ratio values. 
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555 Friedel pair reflexions 
Bragg case 

If one wishes to check the agreement between theory 
and experiment more precisely, it is necessary to study 
reflexions which can give intensity ratios differing from 
unity. In this sense, the 555 pair reflexions proved by 
the preliminary measurement to be more appropriate 
than the 333 pair. However, the intensity is so weak 
in 555 compared with 333 that only the Bragg case 
was feasibly measured. The specimen used was the 
dislocation-free crystal. 

The results are shown in Fig. 4, where the scaling 
has been done on 555 as before. In this case, the speci- 
men is considered to be a perfect crystal rather than 
ideally mosaic. As was shown in paper I, the difference 
between perfect and mosaic Crystals becomes smaller 
for reflexions with weak intensity; in fact, 555 pair re- 
flexions show a smaller difference than the 333 pair. In 
Fig. 5, the intensity ratio is shown: the agreement is 
again fairly good, although it is somewhat worse than 
in the 333 pair. This may be because the anomalous 
scattering factors used for calculations are not good 
enough in the region near the absorption edge. 

Discussion 
The intensity ratio of the Friedel pair reflexions from 
a perfect crystal is the same as that from an ideally 
mosaic crystal, as Holloway (1969) reported only in 
the Bragg case using Cu and Cr Ke characteristic 
X-rays. The present work confirmed this fact more 
clearly and systematically by the use of continuous 
X-rays in both the Bragg and the Laue cases. In addi- 
tion, theoretical considerations have also been extended 
substantially. However, so far only the symmetrical re- 
flexiqn cases have been considered. Naturally it is in- 
teresting to see whether this Cole-Stemple relation 
also holds in asymmetrical cases. This is a problem to 
be studied in the future. 

Cole & Stemple (1962) anticipated that the effect of 
polarity is independent of perfection, provided each 
face exhibits essentially the same degree of perfection. 
This implies that the extinction does not affect the 
value of the ratio rh. If this is valid, the situation is very 
favourable for various applications (Hosoya, 1975). 
Therefore, the preliminary consideration on extinction 
effects is described as follows. 

Influence of secondary extinction 
As is well known, the apparent absorption coeffi- 

cient increases due to secondary extinction have been 
expressed by 

/ t= / t0+gQh,  (14) 

since early days. The value of g depends upon the 
mosaic structure of each sample. According to the cal- 
culation with a polarization factor taken into account, 
the integrated reflecting power for the Laue case with 
secondary extinction is expressed by 

R~,=(HQh/cos On) exp {-(lto+g'Q.)H/cos 0n}, (15) 

where 
g '=2g(1 +cos 4 20B)/(1 +cos z 20n) 2, (16) 

as is given by (13b) in the paper by Zachariasen (1963). 
(The use of g and g '  for the present meaning is limited 

° °o' o 

2.C 

m 
I t t ~  
I t g )  
I I g )  

b. 

~ 1.5 
~ , 

''1.0 

G a A s  

(BRAGG CASE) 

o OBS. 

- - C A L .  

y ! 

0.5 I I 
0 .998 

23 

I I 
0.999 1.000 1.001 1.002 
X > 

Fig. 5. Energy dependences of intensity ratio between 555 
Friedel pair reflexions in the Bragg case. Open circles show 
the values measured on a nearly perfect crystal. The energy 
resolution is + 5 eV. The solid line is calculated by (13). 
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Fig. 6. A schematic view of crystal texture subject to the 
primary extinction only: each thin crystal plate is perfect 
and many plates are oriented so dispersively that the X-rays 
diffracted by each plate are hardly affected by other plates, 
without being subject to secondary extinction. 
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to this section.) Because of (I.18) the corresponding 
ratio value is given by 

rh=Rh/R~'=rh exp {g'(Q~-Qh)H/cos OB} . (17) 

The formula (17) implies that rh is larger than rh for 
an ideally mosaic case if IF~[ 2 > IFhl 2, while rh is smaller 
if [F~I 2 < [Fhl 2. Thus the prediction of Cole & Stemple 
(1962) does not hold, at least in the case where sec- 
ondary extinction exists. In the Bragg case, the rela- 
tion (1) does not hold either, as is easily shown. 

Influence of  primary extinction 
Here the Bragg case is not considered, because it is 

difficult to deal with a crystal plate of finite thickness 
with absorption by the dynamical theory. 

Although it is an unrealistic assumption, let us con- 
sider the crystal with primary extinction only; for in- 
stance, a schematic model will be such a crystal as 
shown in Fig. 6. Then the X-rays reflected from each 
layer do not interfere with each other, and a pair of 
integrated reflecting powers, Rhj and R~j, from the 
j t h  layer satisfy the relation (6). Therefore, the follow- 
ing relation holds: 

Y Rhj 
Rhl Rhj j 

rh-- R~I - - ' ' ' - -  R~j ~ R~j 
J 
Rh IFh[ 2 

- R~- - lEvi ~ "  (I 8) 

This holds for both the perpendicular and parallel com- 
ponents of Ph or Rh. Thus the relation (1) holds for 
a crystal with primary extinction only. 

Contrary to the prediction of Cole & Stemple (1962), 
the relation (1) does not hold for a crystal, at least one 
with secoadary extinction. In the present work, a near- 
ly perfect crystal has been measured, which is probably 
subject to primary but not secondary extinction. This 
is why the experimental results show a good agreement 
with the calculated relation (1). 

The present results for Friedel pair reflexions can 
be applied to a Bijvoet pair if the shape of a crystal 
satisfies the relevant symmetry. 

In part III of the present series, measurements by 
the new method [(Fukamachi & Hosoya, 1975) using 
relation (1)] on the anomalous scattering factors of 
Ga and As atoms in the nearly-perfect GaAs sample 
in the energy region near the As K absorption edge 
will be reported. 
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